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We present cosmological perturbation theory based on generalized gravity theories including string 
theory correction terms and a tachyonic complication. The classical evolution as well as the quantum 
generation processes in these variety of gravity theories are presented in unified forms. These apply 
both to the scalar- and tensor-type perturbations. Analyses are made based on the curvature variable 
in two different gauge conditions often used in the literature in Einstein's gravity; these are the 
curvature variables in the comoving (or uniform-field) gauge and the zero-shear gauge. Applications 
to generalized slow-roll infiations and its consequent power spectra are derived in unified forms which 
include wide range of inflationary scenarios based on Einstein's gravity and others. 

I. INTRODUCTION 

Cosmological linear perturbation theory [1] has central importance in the current cosmological investigations of the 
large-scale structure and the cosmic microwave background radiation. A rather successful scenario can be made based 
on Einstein's gravity with varying use of the diverse (but ordinary) fluids and fields as the energy-momentum content. 
Relativistic gravity theories more general than Einstein's gravity are ubiquitous in the literature; some are variants 
of Einstein's gravity while others are more generalized forms with natural correction terms arising in the quantum 
corrections or in the attempt of unified theories like string/M-theory program. Thus, it would be interesting to 
formulate corresponding cosmological perturbation analyses in these generalized forms of relativistic gravity theories. 
It would be naturally more interesting if we could make a unified formulation of handling the perturbations in the 
context of generalized theories including the Einstein's theory as a case. This is our purpose of the presentation. We 
consider generalized forms of gravity theories expressed as actions in eqs. (31,45,74,92,110). 

In the literature equations in two different gauge conditions are popularly used. In terms of the three-space 
curvature perturbation ip the two gauges are the comoving gauge w = (or equivalently in the minimally coupled 
scalar field, the uniform-field gauge 50 = 0), and the zero-shear gauge x = conditions. As each of these two gauge 
conditions fixes the temporal gauge mode completely the variables are equivalently gauge invariant and correspond to 
the combinations Lp^, (or ps^) and in eq. (10). In the presence of background curvature we need generalization of 
ipy which we call $ to have the unified form, and in the case of the generalized gravity we also need generalization of 
ip-)^ which we call ^' to have the unified form, see eqs. (22,38,57,84,100). In all the gravity theories we are considering 
we can successfully present the perturbation equations in exactly the same form as in Einstein's gravity. Thus, we can 
present the consequent classical evolution and quantum generation processes in unified forms. Such unified analyses 
are practically useful to handle the structure evolution because 

"it allows to handle situations when one type of gravity theory switches to another type in the early 
universe.^^ 

In §11 we present our notation, summary of the gauge issue, and the fundamental equations in a gauge-ready form. 
In §111 we present the closed form equations using the $ and ^' which are generalizations of ify and ip^,, respectively, 
in the cases of the fluid, field, and generalized forms of gravity theories. In §IV we present the unified form equations 
for all the gravity theories considered in this work and present variety of exact and asymptotic solutions available. In 
§V we present the quantum generation process in unified form starting from the action formulation. An exact form 
of inflation generated power spectrum is derived under an assumption of the background which is quite general so 
that it includes various inflation scenarios suggested in the literature as cases. Thus, we present the final inflationary 
spectra in unified forms which can be compared with the cosmic microwave background radiation (CMB) and the 
large-scale structure observations. Our classical evolution and the quantum generation processes are presented for 
both the scalar-type and the tensor-type perturbations in unified forms. In §VI we summarize the new discoveries in 
our presentation and provide a discussion. 
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II. STRATEGY AND BASIC EQUATIONS 



A. Notation 

As the metric we consider the Robertson- Walker spacetime with the scalar- and tensor-type perturbations 

rfs^ = (1 + 2a) drj^ - 2a^p,^dr]dx" + (ffg^ + 2^gl^l + 27,„|^ + 2^^) dx"dx^, (1) 

where 0(77) is the eosmie scale factor and rj is the conformal time defined as cdt = adrj. We set c = 1 = h. The 
Greek indices a, /?, 7, ... indicate the space, and the Latic indices a, b, c, . . . indicate the spacetime. The spacetime 
dependent variables a, (3, 7 and if are scalar-type perturbed order variables and 0^/3 is a (transverse-tracefree) tensor- 

type variable. Indices of C^/j are based on g^^ and a vertical bar indicates a covariant derivative based on g^^ . The 

f3) 

three-space metric g^^j indicates the background comoving three-space part of the Robertson- Walker metric which is 
spatially homogeneous and isotropic; some of its specific representations are 

g^^ldx'^dx^ = + {de^ + sin^ 0d4>^) 

^ {dx^ + dy^ + dz^) 
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-J=sln{^^Kx)\ {dO^ + sin^ Odcj?) , (2) 



where we have 



4 



The K is the sign of the three-space curvature. 

We ignore the vector-type perturbation (rotation) in this paper, see §VI for a summary. Our metric convention 
follows Bardeen's [2]. Our perturbation variables have some kinematic interpretations. The kinematic quantites in 
the normal frame are [3]: 

e = 3H-K, a„;3=x,a|/3-^5S Ax + 0^(73, a„ = a „, i?W = ^ [6i^ - 4 (A + 3i^) , (4) 

O CI 

where we introduced 

X = a(p + 07) , K = 5K = 'AHa — 'iip ^rX- (5) 

a'' 

An overdot denotes time derivative based on t, H = ^, and A is a Laplacian operator based on t;^^. The 6, Oab and 
Qa are the expansion scalar, shear tensor and the acceleration vector, respectively; in the normal-frame we have the 
vanishing rotation tensor ojap = based on the frame vector [4]. From these we can interprete Xi 1^ f ^ the 
perturbed shear, the perturbed expansion and the perturbed curvature of the normal-frame vector. 

As the energy-momentum tensor we consider an imperfect fluid form including the scalar- and tensor-type pertur- 
bations 

T0 = -(m + <5/x), TO = -(m + p)v T^ = {P+5p)51+WI, (6) 

(3) 

where 11^ is a tracefree anisotropic stress; 11^ is based on g)^^. An overbar indicates the background order quantities; 
we ignore it unless necessary. The cosmological constant A can be included by adding T^"^^^ = —-^qS^ to the energy- 
momentum tensor; thus, A can be included by adding /xa = —Pa = to the background fluid quantities and p. 
The entropic perturbation e is deflned as 

e = 5p-cl5ii, cl=p/ii. (7) 

We decompose the anisotropic stress as 

^ ^ (n,„|^ - i^SAn) + ng, (8) 

where 11^*^ is transverse and tracefree. In an ideal fluid we have e = and n = = H^^*^. 
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B. Gauge issue 



Here we summarize the behaviors of our perturbation variables under the gauge transformation and our strategy 
of how to handle and use such degrees of freedom as advantage. Under the gauge transformation x" = x" + ^"{x^) 
we have [2,3] 

a = a-e, $ = p--e+a(^] , 7 = 7 " 'P = ^-Hi\ X = X-C*, « = k + f 3ij + ^ V*' 

a \a J a \ a-^ J 

Sfi = Sfx-fie, Sp = 6p-pe, v = v-^e, n = n, s$ = d<p-<j>e; c„0 = Cc0, ng = n«, (9) 

where we used = i^* and = <P and Sep arc the background and perturbed part of a scalar field (?i(x, t). Thus, 
using X instead of (3 and 7 individually, all our perturbation variables are spatially gauge-invariant. However, all our 
scalar-type perturbation variables depend on the temporal gauge transformation which will be used as advantage in our 
gauge-ready strategy [3]. Temporal gauge fixing condition, fixing applies only to the scalar- type perturbation. To 
the linear-order, we can impose any one of the following temporal gauge conditions to be valid at any spacetime point: 
the synchronous gauge (a = 0), the comoving gauge {v = 0), the zero-shear gauge (x = 0), the uniform-expansion 
gauge (k = 0), the miiform-curvature gauge = 0), the imiform-density gauge = 0), the imiform-prcssurc gauge 
{5p = 0), the uniform-field gauge {S<p = 0). Any linear combination of these gauge conditions which can give a 
constraint on ^* can be regarded as a suitable temporal gauge condition, thus we have infinite number of temporal 
gauge conditions available. In the synchronous gauge we sets a = in all coordinate systems which leave nonvanishing 
^*(x) with general dependence on spatial coordinate, see eq. (9). Whereas in the other gauge conditions mentioned 
above we have ^* = after imposing any of the temporal gauge condition in all coordinate systems, thus removing the 
gauge mode completely. Thus, except for the synchronous gauge condition, each of the other temporal gauge fixing 
conditions completely removes the temporal gauge mode. Later, we will present our fundamental set of scalar-type 
perturbation equations in a naturally spatially gaiigc-invariant form but without fixing the temporal gauge conditions. 
The equations will be arranged so that we can impose any of our fundamental gauge conditions easily depending on 
the specific problems we encounter; thus we suggestively call our approach a gauge-ready formulation [3] . 
We introduce several gauge-invariant combinations: 

ip^ = ip-Hx, fv = ^-aHv, 5y = S-a^v, 5(j>^ = 54> - = -^ips^, v^ = v --x = --Xv, (10) 

jji HH aa 

where 5 = dn/ ji. The gauge-invariant combination 5(j)^ is equivalent to in the uniform-curvature gauge which takes 
= as the gauge condition, etc. Using our notation for the gauge-invariant combinations we can systematically 
construct and trace various gauge- invariant combinations for a given variable, [3]. As in the last two examples in 

eq. (10) our notation of gauge-invariant variables allows algebra connecting different expressions of the same gauge- 
invariant combinations. Compared with the notation used by Bardeen in 1980 [5], ignoring the harmonic functions, 
we have: 

*H = V'x' *A = Q:x, (l>m = <Pv, = Sy, vf^ = kv^, pnf^ = Sp, pn!^^ = -^U. (11) 

Later we will use (fy (or (ps^) and ip-^^ as the main variables. Considering eqs. (4,6) we may regard the gauge-invariant 
combinations (fiy and ip^ as the perturbed three-space curvature {(p) in the comoving gauge {v = 0) and the zero-shear 
gauge (x), respectively, based on the normal- frame vector field. 

C. Basic equations 

The background evolution is governed by 



„o SnG K K ■ ^ ^, ^ K 
H^ = —^i-- + -, H = -AnG{ti + p) + -. (12) 

O CI o Qi 



To the perturbed order, the scalar- type perturbations are described by [2,3] 
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K = 3{-ip + Ha)-^X, (13) 

^ '^J^ V + Hk^ -AnGSfx, (14) 

K + ^ '^^2^ X = l^nGaiii + p)v, (15) 

X + ifx-a-V' = 87rG'n, (16) 

k + 2HK+ (3H+^^a = 4iTG{dn + 35p), (17) 

5/i + 3H {6fj, + Sp) = {n + p)fK- ma + \ , (18) 



[a^{^+p)v]' If Sp 2 A + 3/4' n 



a*{ii+p) a\ H+P 3 a? H+P 



(19) 



These follow from Einstein's equations and the energy and momentum conservation equations; eq. (13) is a definition 
of K, eqs. (14-17) follow from Gq, , G^ — ^5^01^ and G^ — Gq components of Einstein's equation, respectively, and 
eqs. (18,19) follow from Tg.^ = and T^.^ = 0, respectively. These equations are presented without fixing the temporal 
gauge condition and using the spatially gauge-invariant variables only. Thus, these are presented in a gauge-ready 
form which allows us to choose the temporal gauge condition depending on the situation as an advantage in handling 
the problem. This set of equations was first presented by Bardeon in [2]. As we arc considering the most general 
imperfect fluid, the above equations are valid even in the context of generalized gravity theories we are considering: 
the fluid quantities p, Sfi, 5p, (/z -I- p)v, and 11 can be reinterpreted as the effective fluid quantities, see below eq. 
(21) and [6,3]. 
In the case of the gravitational wave we have 

G| + 3HC^ - ^'J^ C^ = SttGH^*^^. (20) 

In eqs. (12-19,20) we presented the complete sets of background and the perturbed equations for a general imperfect 
fluid. In the case of fluid we include the most general typo of imperfect-fluid contributions for both the background and 
perturbation. In such forms the equations are generally valid for the case of a scalar fleld and the other generalized 
gravity theories, by re-interpreting the fluid quantities as the effective fluid quantities. That is, by arranging the 
gravitational field equation in the following form 

G^ = SttGT^ (21) 

we re-interprcte as the effective energy- momentum tensor [6]. Thus, in those generalized theories we will present 
only the effective fluid quantities which together with the general equations derived in the fluid in eqs. (12-19) provide 
complete set of equations. 

III. EQUATIONS IN TWO GAUGES 
A. Fluid 

We introduce the Field-Shepley combination [7] 



We can derive [8] 



• H clA H f 2A \ 

f (24) 
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Equation (23) follows from taking a time derivative of eq. (22) and using eqs. (13-16,19); we also need = — \xv 
in eq. (10). Equation (24) follows from eq. (13) and using eqs. (15,16) with = v — = ~'^{fv " fx) which 
follows from eq. (10). We can combine eqs. (23,24) to make closed form second-order differential equations for both 
$ and ip^ 



2^2 



H 

^l + P 



2 A_ 
3^ 



$ - 2- 



H 



H+p 



Jl. 

' ^i+p' 



2 A, 



-n 



'^V'x-47rG{e+|-n). 



(25) 
(26) 



In an ideal fluid we have e = = 11. For a pressureless medium we have = 0, thus instead of eqs. (23,25) we have 



$ = 0. 



(27) 



Equations (23-26) show basic forms of equations valid even in the scalar field and generalized gravity theories to be 
considered in this paper. Unified forms will be presented in §IV. 

In the fluid context it is often convenient to have equation for density perturbation. The most convenient (i.e., similar 
to the Newtonian) form is available in the comoving gauge, thus equivalently using a gauge- invariant combination 5y, 
[9] . Using the Poisson's relation 



A + 3if ^ ^ - 
2 — fx = 47rG/(X()„, 



which follows from eqs. (14,15), eq. (26) gives [9] 



l^ + P 
a?Hii 



IJ' + P 



(A + 3K) n 



2A^ A + 3K If 2 A^ 



For the tensor mode eq. (20) gives 



(28) 



(29) 



(30) 



The fluid perturbation and the gravitational wave were studied in the context of the synchronous gauge {a = 0) by 
Lifshitz [1]. The zero-shear gauge (x = 0) to handle the gravitational potential {(f) and the comoving gauge {v = 0) 
for the density perturbation (S), were flrst studied by Harrison [10] and Nariai [11], respectively. 



B. Field 



We consider an action for a minimally coupled scalar field [12-14] 



-I 



^i^-lr^,.-y(0) 



The gravitational field equation and the equation of motion are 

a(f>-v^ = 0. 

Equations (12-19) remain valid with the following background and perturbed order fluid quantities 



1 



_ li2 



+ p^^ 

J.2 



V, 



Sjj = (j)5(j) — (j)'^a + V^,f,5(j), Sp = (j)5(j) — — 'V^^5<^, v 



n = = n 



(*)« 



(31) 

(32) 
(33) 

(34) 
(35) 



where we expanded (/>(x, f) = (j){t) + 6(j){x,t). Additionally, from eq. (33) we have the background and perturbed 
equation of motion 
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6(f> + 3H6^ - ^S(t> + V<j,^S(t> = ^{K + a) + (24> + a. 

As = implies v = Q, the uniform-field gauge {54> = 0) is equivalent to the comoving gauge {v 
= V5<j>- Thus, eq. (22) becomes 



■'Px- 



We have 



H 



47rG02 a2 
H / a y 47rG^2 



where 



(36) 
(37) 

0), thus 
(38) 

(39) 
(40) 

(41) 



Equation (39) follows from taking a time derivative of eq. (38) and using eqs. (13-16); we also need 5^,^^ = —^'^as^ 
which follows from eq. (35). Equation (40) follows from eq. (13) and using eqs. (15,16) with S(j)^ = S(j) — 4'X = 

^{—^S4, + Vx) which follows from cq. (10). Equations (39,40) also follow from eqs. (23,24) using the effective fluid 
quantities in eqs. (34,35): from eqs. (34,35) we have 



e = (1 - c?) 5liS4> = - (1 - 



(42) 



where we used eq. (28), and d/ig 
combining eqs. (39,40) we have 



47rGa2 

Using eq. (42) and 11 = in eqs. (23,24) we can derive eqs. (39,40). By 



a 
H 



3^2 



(a y 



2 



(43) 
(44) 



which can be compared with the ideal fluid (thus sets e = = 11) equations in eqs. (25,26). Thus, we have an 
interesting conclusion: 

"■^ Compared with an ideal fluid, the minimally coupled scalar field effectively has c^ replaced by c\ which 

becomes 1 for K = 0." 

The CA has the role of wave speed of the perturbed field and the simultaneously excited metric; interpretation of ca 
as the wave speed is properly valid only for K = 0. Thus, for K = the wave propagation speed becomes 1. In the 
minimally coupled scalar field Cg cannot be interpreted as the wave propagation speed. This is because the scalar 
field has a non- vanishing entropic perturbation as in eq. (42), thus cannot be interpreted as an ideal fluid. 

For the tensor mode, eq. (30) remains valid in the field situation with 11^*^ = 0. That is, the presence of minimally 
coupled scalar field (or fields) does not directly affect the equation of tensor-type perturbation. 



C. Generalized f{4>, R) gravity 



We consider an action [6,3,15-17] 

S = j d^Xy/^ 



(45) 
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where represents additional correction terms to be considered in §111 F and IIIG. This action without L(c) 
includes the following gravity theories as subset: f{R) gravity which includes gravity, the scalar- tensor theory 
which includes the Jordan-Brans-Dicke theory, the non-minimally coupled scalar field, the induced gravity, the low- 
energy effective action of string theory, etc, see [17]. Although this generalized action by itself does not have much 
physical meaning, there are some advantages by analysing perturbations in this general context; for example, our 
results will be valid considering transitions from one type of gravity theory to the other. The gravitational field 
equation and the equation of motion are 



Gab - p 



Taf + ^ [ ^,a^,b - ^Cp'-'^.cgab ] + - (f - RF - 2V) Qab + Fa-b - ^Fg^b + 



1 



1 



where F = We have 



Equations (12-20) remain valid with the following effective fluid quantities 



RF- f + 2V 



- 3HF - T 



(c)0 



' 



8nGp = 1 (lu;<^^ - ^l^l±^ +F + 2HF+ iT(^)„") 



SirGdiJ. = 



8ttG6p = 



uj4>54> + ^ (a;,^.^2 - + 21/^) Scj) - 3HSF + (sH + 3H^ + SF 
+ (SHF - a;^2 j a + pK- 

co^6^ + ^ (u,^^^ + f,4, - 2V^) 6^ + SF + 2HSF + (^-H - 3H^ - ^^±^^ 6F 
Fa - (u<p^ +2F + 2HF) a - + 1 (^ST^'^^^ - ^T^'^S^ 



SttGTO 
SnGW^ 
where we have 



1 
F 
1 

F 



uj(j)5(j) -5F + H5F + Fa) + 



c)7 
7 



K 



,2 ; ' 



5R = 2 



-k - AHk - 



3H]a-2 



A + 3K 



-ip 



Sjd — 3dp. 



We have set T^^ ' = 0. The scalar- and tensor-type fluid quantities can be read from eqs. (6,8) as 

n = ^a^A-i(A + 3X)-^(n/J, n«"^ = n^-l(v"V;3-i.5|A)n, = t| - Ij^t;. 



(46) 
(47) 

(48) 



(49) 



(50) 

(51) 

(52) 



(53) 



The comoving gauge {v = 0) differs from the uniform-field gauge {6^ = 0), thus (pg^ ^ <^„. The equation of motion 
gives 
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> + 3H,j}+ — {L,^^(t)'-l^ + 2V, 

Zi 



(54) 



(55) 



We have additionally located T^^'' and T^'^^ terms for later consideration of the string theory correction terms in §111 F 
and IIIG. In this subsection we ignore these correction terms. From eqs. (50,53,6) we have 



8ttG{h+p)v= (u 



+ 6F- H6F - Fa 



SttGh 



[6F-Fx], STTGn^% 



F 



Instead of eq. (38) we introduce a more generalized form 

.K F 



ML 

2F 



SJx 
2F 



From eqs. (13-15) and eqs. (13,15,16), respectively, we can derive 



$ = 



2HF + F c\A ^^^ 



aF 



aF 



2F 



2F 



where 



1+ 6 + 



2!-3f + f 



KA- 



2HF + F 



E = F 



(56) 

(57) 

(58) 
(59) 



H 



2F 



3F^ 
2F02 



(60) 



In order to derive eqs. (58,59) we follow the same algebraic procedure as needed in the scalar field. By combining 
eqs. (58,59) we have 



3Ff 

2F 



2F 



HF + \F 



H 



2F 



aF 



F 
2F 



? A 



(61) 



(62) 



We notice that ca can be interpreted as a wave speed of the perturbed field as well as the simultaneously excited 
metric; for K = we have 



CA = 1, 



(63) 



and only in this case we can properly interprete ca as the wave speed; clearly differs from = p/fi. 

This unified result is valid for the gravities in the forms either (i) F = F{(j}) or (ii) F = F{R). In the case of 
/ = f{R) without the field the results in the above remain valid with the following prescription: we remove (j) {w as 
well) thus we have E = and set (pstj, = ipsF- In the general case with F = F{(j), R) the situation corresponds to 
the two component medium, see §111 D. 

Using 
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F 

^Px =h('^x- ^S4>) , (64) 



we have 



As we are considering the hnear theory, if the sohition of one variable is known in any one gauge, solutions of all 
the other variables in the same gauge as well as in any other gauge can be derived easily through linear algebra; our 
gauge-ready form equations in eqs. (13-19) and our convention of the gauge invariant variables in eq. (10) are useful 
to derive the remaining variables systematically. 
For the tensor mode we have 

(a^FCc^ff) ' - ^~J^ Cc,0 = 0. (66) 



a^F 

This equation is valid for general algebraic function of f{(f>, R). In the context of fluid formnlation in eq. (30), the F 
term in eq. (66) comes from the nonvanishing effective anisotropic stress of our generalized gravity theory in eq. (56). 



D. Conformal transformation 



Although direct derivation of eqs. (58,59) is not complicated there is another simple way. The gravity theory in cq. 
(45) can be transformed to Einstein's gravity through a conformal rescaling of the metric and rescaling of the field. 
The end result is Einstein's gravity with only complications appearing in the modified form of the field potential. 
Thus, using such transformation properties we can derive the equations in generalized gravity from equations in §111 B. 

We have studied the conformal transformation properties in [6,18], and in most general form in the Appendix A of 
[15]. Under the conformal transformation 

gab = ^^gab, ^ = = e^i^, (67) 

with 



'^^"V8^(^'^'^'+'^^')' 
eq. (45) transforms to Einstein's gravity with a modified potential 

^=(T6^(2^-^ + ^^)- 

The form of implies that, in order to have Einstein's gravity with one minimally coupled scalar field we need 
certain condition on the form of /(0, i?). We need either / = F{4))R or a pure f{R) gravity without the field; if we 
have / a nonlinear function of R with a field involved, we will have Einstein's gravity with two scalar fields. 
Under such a transformation, with f2 = 0,(1 + Sil), we have, to the backgroiuid orck^ 



1 / Q\ 
a = an, dt = ndt, = q I + q 1 ' 



and to the perturbed order 



where 



^ = ^ + 5fl, a = a + 5^l, x = ^X, ^ = ^ = (71) 

^ <J> -T 



SF 



fl = VSnGF, 5fl = — . (72) 
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The following variables are invariant under the conformal transformation 

H 

dr], A, k"^, (fs4, = — yScj)^, Ca0, (73) 

9 

where k is the comoving wave number with A = —k'^ in the Fourier space. It would be a trivial exercise to derive 
eqs. (58,59) from eqs. (39,40) using eqs. (70-73). We can also show that under the conformal transformation we have 
$ = $ and (fi^ = ^. Notice that (fistji and Ca/j are invariant under the conformal transformation. Prom this result we 
can draw an important conclusion that 

"the power spectra (both amplitudes and spectral slopes) based on ips,f, and Cai3 derived in the context of 
any given frame is valid in any other frame." 

However, for the two other types of gravity theories to be considered in the following subsections we have no such 
transformation property available. We have to derive the equations directly from the gravity theories and equations 
of motion. The same algebraic procedures needed for the scalar field also apply to these gravity theories in a rather 
exact manner. 



E. Tachyonic generalization 



We consider an action [19] 



(74) 



where X = and includes additional correction terms to be considered in §111 F and IIIG. This action 

includes the generalized f{(j),R) gravity in eq. (45) as a case. The gravitational field equation and the equation of 
motion are 



Gab 



1 



T^r^ + lif- 9ab + Fa;b ' OFg^b - lM,aCt>,b + 



Equations (12-20) remain valid with the following effective fluid quantities 



1 

F 



FR- f 
IxX + - 3HF - r 



(c)0 
) ' 



SttGp- 



1 { FRJ^p^^jjp^^j.ic)a 



F 

1 



-f,x<pS^ - 2.H5F + (sH + 3H^ + ^^SF + Fk+ (sHF + /,x</'^) a - (^ST^''^^ - ^T^^^fj 



SwGSp = — 



o iU^^ + f,xSX) + 6F + 2H6F +1-H-3H'-- 



2A + 3K 



3 a2 



SF 



~Fk - - 2 (f + HF^ (^ST'^ 



8TrGT° = - 



a \ 2 



6F + HSF + Fa 



SF 

c)a rp(c)a 



. y(c)0 



1 

F 



c)7 
7 



(75) 
(76) 



(77) 



(78) 
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where we have 



1 



and R and SR are given in eqs. (51,52). The equation of motion gives 



3iJ 



Ix 
f,x 



+ <j)(3(p-a+ -^x 



(79) 



(80) 



(81) 



where 



5f = f..^H + f,x5X + J.rSR. 



(82) 



We have located t'^ and T^'^^ terms for later consideration of the string theory correction terms. In the following we 
ignore the correction terms. Prom eqs. (50,53,6) we have 



8^G(/x+p)^; = -^Q/,x 



5F + H6F + Fa] , 



SttGH = ^{5F- Fx) , 87rGn(*'"^ = -^<^1- 



(83) 



We assume F = F{(l)). Prom eq. (83) we notice that the uniform-field gauge differs from the comoving gauge. 
Instead of eq. (38) we introduce a more generalized form 



2F 



where 4* is the same as in eq. (57). From eqs. (13-15) and eqs. (13,15,16), respectively, we can derive 

. 2HF + F c\A^ 



H 



Xf. 



2F 



X 



Ml a2 

2F 



aF 



aF 



H + 



Xf, 



2F 



2HF + F 



where 



F I 3F2 ^ 



3 + 



Xi^j^x + 2Xf^xx) + ^ I 3 ^ X ~ 3f + f 



Xf,x + 



3F^ 
2F 



2X 



2F 



(84) 

(85) 
(86) 

(87) 
(88) 



Equation (65) remains valid. By combining eqs. (85,86) we have 



{xf,x + ^ 



Xf^x + 1^ 
HF+\F 



a'[Xf.x + '-ir) . 



2 



aF 



<^{xi 



X ■ 



2F J 



2F 



2 ^ T 

= 4—*. 



(89) 



(90) 



c\ differs clearly from = Contrary to the minimally coupled scalar field and the generalized /(</>, R) gravity 
theory the wave speed is non- trivial even fov K = 0. Por = we have 



Xf,x + ^ 



2F 



Xlx + 2X^lxx + % 



(91) 



Por the tensor mode, eq. (66) remains valid exactly. 
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F. String corrections 

We consider an action in eq. (45) with the following additional corrections in the action [20,21] 



(92) 



where R%b = R'^^'^Rabcd 

— ARF'^Rab + R^. Corrections to the gravitational field equation and the equation of motion 



are 



Rasdab + ^RacRb + ^R^^Racbd — '^Ra^'^^^bcde — "^RRab 1 ^ 



cde ] 



-4 (^'^'^Racbd - O^Rab + KAbK) - lU,bR^ + 2 {KcdR"'^ - °^^) 9ab 



b)c 



1 

+ 2 



-C3 



+C4 



(</>■>,«)'- 4 (C<A'>'V,6)., 



(93) 



(94) 



The first line in RHS of eq. (93) vanishes because we have S J y^^^R-Q^d'^x = 0. 

Equations (12,19) remain valid with the same effective fiuid quantities in eqs. (49,50) and the following correction 
terms. To the background order we have 



n(c)0 



K 



3 : 



3 



K 
a 



2H + 3ff2 _ 1_ ) ^</, + AH(^4> + 2H^(t> 



r(«) = 24ci (ii + j (h^ + J") + 3C2 - (h^ + J") (^<^ + 2^4>^ - 2H + + ^0 



+C3(A 



U + 3^?i - 6^ {h^ + 2H4> + 3ij2(;6) + C40^ (-3C(^ - 12^0 - 12H^^^ . 



(95) 



(96) 



To the perturbed order, assuming K = 0, we have ' 



1 



:C30- 



3ij2<5^ - 3Hi {k + Ha) - ^ (^H5^ + 2^(^) 

H^^6^ + 9H^^6^ - 2H^^6(p - (zHn + 97?^ 



A 



3 - &Hi^ + 2^^<50 + 6HS^^ + 2^^K - 20 (2^ - 9H^^ a 



Another forms can be found in eqs. (5-7) of [21] with a couple of minor typos in eq. (5): these are the fourth term in fourth 
line {^ar — > 0;<tt) and the sixth term in fifth line {^6t^ — > 6i^). 
^Although eqs. (97,98) were not presented in [21], these were derived together with Cyril Cartier while preparing [21]. 
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+ 



+2 (ir| +Hi + 3H^t) K + 2>H^ia + QH (li 'i + 2ij^ + H^^^ a + 2^{lip + Hiaj 
+C2 |6i7^(/)(5(^ + 3 (2H^^ + 2H(^ + Si?^^^ + 2Hi^^ 5^ + ZH^'^Si 



'i> [h^^ + 2Hi<i> + ij2^<^ + Hi^) a-^[2(i^ + ^^ + H^^) 5ct> - - C<j>^ - 



Qj I O 



1 



-2H^S4) + SH'^^Scj) - H<P6^ + ^^Ik + 6Ha + -^x 



+ 2c4C'/>^ 



V"V^ - -5|A ) <; 4C1 



+4ci 



5t(^) = ci 



GB) 



+C2< - 



-3H 

+6m 



H4>5i + 2{H4> + 2H4> + 3H'^^^5£, +2^ 2iJC0a + (^0 + 2^^ + 2^^^) 



2H4)k + (2ff^ + 2H^ + gff^^j K + 2Hi4) {k + 3Ha) 
H4>a+(2H4> + 4:H^ + 3H'^,p^a | 

+C3 1 30 - 4i?^) (5<^ + 2^4) + 3i4> - 12^ (3H^^ + H^ + H^'^ 

e0 + 4^ + 2<^ir)] ^5<^ 

(^^1 + 34>Si - 6 (2if^ + H<j) + 3H^<j)^ 6^ - <j)^d^ + 2^^ + 2k + 3H^ 



+ 
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+C4< 



12^^S(f> + 3 (3^^ + 8^4> + 12H^^^ 6^ - 4^4>^ 



: A 

2' 



+ 4^<p^ {k + 3d) 



where 



(98) 



(99) 



and R and dR are given in eqs. (51,52). 

In this and next subsections, for simpHcity, we assume K = 0; we believe it is possible, perhaps tedious though, to 
derive corresponding equations for general K in similar forms. We introduce 



F + Qa SF^ 



2F + Qb F 



From eqs. (13-15) and eqs. (13,15,16), respectively, we have 
$ = 2- — ^"Jf, 



2F+Qb 



H 



2F+Qb 



a(F+iQb) 



ajF+^Q,) 



,(£+Qa) 

2F+(3b 



2F+Qt 



( F + Qa_ 

\2F+Qb 



where 



Qb EE -8clCi^ + C2C0^ 

= -3c2C02i?' + 2C30' - 3Ci/) - 6c4^(/)^ 

Qrf = -2c2^<p^H - 2c3</)2 (^</) + ^0 - ^<Ph) + 4c4^</.^ 
Qe = -IGciiH + 2c2^ (i^ + 2{4> - 2^4>H^ - 4c3^<^^ 



By combining eqs. (101,102) we have 



(h+ 


'a' 


'uJ4 


,2 1 n{F+Qaf 
T^O 2F+Qt 


+ Qc) 


^^"^ + ^^iFT^ + Qc + Q 


d - 


, F + Qa 

^ 2F+Q 


\ ( '^^^ 

, 1 y2F+Q 


2 

t) Qf 



2 



X < 



(' 



2F+Qt, 



I o (F+Qa)^ I Q I I F+Qa Q I J^+Qg n. 



a{F+ \Qb 



H 



F+Qa 

2F+Q(, 



(100) 

(101) 
(102) 



(103) 



(104) 



4-^*, (105) 



where 



14 



Qd+ 2F+Q,Qe+ [2F+Q,) Qf 
Ca = 1 + (F+O )^ • (10^) 

A closed form second-order equation in terms of $ was derived in [20,21]. Using eq. (64) we have 

= Sto • 

TT , F + Qa 

^ ^ 2F+Qb 

Notice that the presence of any a terms affects ca in non-trivial ways. 
For the tensor mode we have [20,21] 

-^TT (o^'QtCap) ' - cl^C^0 = 0, (108) 

where 

4.1-^^. (109) 

This equation is valid for general algebraic function of /(</>, K). From this wave equation we can read that ct has a 
role of the gravitational wave propagation speed, ct is affected by the presence of the c\ and C2 correction terms only. 



G. String cLxionic correction 

We consider an action in eq. (45) with the following additional correction term [22] 



(110) 



where RR = t]°''"^'^R^^^ Rcdef with jy"''^'' a totally antisymmetric Levi-Civita tensor density. Corrections to the 
gravitational field equation and the equation of motion are 



-'■"h — 'I, 



cde / 

ab - 'la 



2v 



,eRbc;dj , 



(111) 

(112) 



Assuming = 0, the only nonvanishing contribution is 



T 



{c)a _ 1(17(5 



— e 



(i> - Hi>) C/3^^s + vD/s^^s + (a ^ /3) 



y(c) ^ 0, 



(113) 
(114) 



where 



Dafj = Cai3 + SHCafj n^'^^' 



(115) 



and we introduced e°'^'^ = a^rf"'^^ which is based on g^'jj . Thus, the string axion correction term vRR does not affect 
the background equations nor the scalar-type perturbation. Thus, eqs. (57-65) in the generalized f{(j),R) gravity 
remain valid. It affects, however, the tensor mode, and the (a, /3)-component of the field equation, or eqs. (20,50,53), 
give 



= 0. 



(116) 



This equation is more general than the one derived in [22]; it includes our generalized gravity coupling f{<p,R) in its 
most general algebraic form. We expand [23,26] 
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(117) 



where e^'^p is the circular polarization tensor {£ = L,R) with the property ik-ye^'^^e^^g = fcA^e^^ (Az, = —1 and 
Xr = +1). We have 



1 / • \ ■ 



where 



Qt = F-\- IXivkja. 



(118) 



(119) 



To make this equation similar to the other gravity theories we may set $ = /i£k- We notice that the presence of string- 
axionic correction term leads to asymmetric generation and evolution of the two polarization states of gravitational 
wave. However, the wave propagation speed remains = 1- 



IV. CLASSICAL EVOLUTION: UNIFIED FORM 
A. Equations 

All the basic scalar-type perturbation equations considered in §111 A-III G can be written in the following forms 

(120) 
(121) 



A 

$ = 2a;i^*, 



— (a;2*)' = Jx3$. 



Notice that in these forms the normalization of is arbitrary. In order to be consistent in unified form in the action 
formulation in eq. (138) we fix the normalization in the following way: we read X2 directly from eqs. (59,86,102) 
whereas from eqs. (24,40) we read X'2, = -g^-^- In Einstein's gravity limit we have F = -g^. Introducing 



1 



Z = CaZ = s/aX2X3, Ca = \/X\X^\ V = Z^, U = X2-^, 



we have 



2 , ^/ 1 ^ z / V 

V = — r (zu) , u = -A — - 

CaZ 2 CA \z 

where a prime indicates a time derivative based on r) with dt = adrj. Thus, we have 

z 

(l/z)" 



u 



4A + 
c\A + 



-^(az^^) -c\^<^ 
az^ \ J 



0, 



(1/^-) 



z 
ax2 



2 r 



a 



{x2-^y 



9 A 

a-' 



0. 



(122) 
(123) 

(124) 
(125) 



In these forms of the wave equation, ca has the role of wave speed of the fluctuating fluid or field and the simultaneously 
excited metric. For convenience, we summarize various coefficients in Table 1. 

[[TABLE 1]] 

For the tensor mode, using 



Zt 



a\/Qt, vt = zt^, 



with $ = Ca/3 or heu, we have 



CrpA + ^ ] vt = a~zt 



a-' 



0. 



(126) 



(127) 



Thus, it can be absorbed to eq. (124) as a unified form. We summarize various coefficients in the gravitational wave 
in Table 2. 

[[TABLE 2]] 

Equations (124,127) in the context of Einstein's gravity are the starting point of diverse analyses in the context of 
inflationary structure generation based on quantum fluctuations. In this work we have shown that these equations 
are generally valid in a wide variety of gravity theories we are considering. 
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B. Solutions 



We have the following general solutions. We introduce the Fourier transformations of perturbation variables. Since 

wc arc considering linear order perturbation, the equations of the Fourier transformed variables satisfy the same 
equations as in the original configuration space with A — —k^. Thus, we do not distinguish explicitly the Fourier 
variables from the original ones. 

1. In the large-scale limits, with c^fc^ <C z"/z and {1/z)" /{1/z), we have 



$(A;,r?) = i{; = C(fc)J 1 + fc^ 



= —u = C(k)J- r z'^dr) + d(k) — \l + k'^ 

Xl 2X2 J X2 



z'^dij J ^ 

V 



2d{k)k^ 



" dr] 



( / z'^df] ] dr] 



V 



z^dr, I ^ 



(128) 



(129) 



The C ((i)-modc is relatively growing (decaying) in the expanding phase of the background world model^. Notice that 
to the leading order in the large-scale expansion the C-mode of <& remains constant whereas the one of \1/ changes its 
behavior according to the background evolution. Thus, ignoring the transient mode we have 



^k,v)=C{k). 



(130) 



It is remarkable that 



"tie constant nature of^ in the expanding phase is valid independently of changing (i) equation of state 
pin), (ii) field potential V{(j)), and (iii) gravity theories f{(j),R,X), uj{4i), and z^(^)." 

2. In the small-scale limits, with c^fc^ » z" / z and {1/ z)" / {1/ z), we have 

v{k,ri) =z^ = Cy^e'"^'''' + Cy^e-^"^'''' , 



{k,r]) = ^^=^{-Cy, 



JcAkrj 



2k 



(131) 
(132) 



where we assumed ca = constant. 

Although expressed in general forms, considering the complications in c\ for the field and generalized gravities, 
these solutions in 1. and 2. are properly applicable for K = 0. 

3. We have exact solutions under 



We have 

and exact solutions are 

$(fc,r?) = 
*(fc,?7) = 

where 



^ oc |?7|', c\ = constant. 
q{q - 1) _ n 



z 
z 



2z 



ci{k)Hi'\cAk\v\) + C2{k)Hi^\cAk\v\) 



/7r|??| acA 
2z 2kxi 



ci{k)Hi^2^{cAk\7]\) + C2{k)H]f\{cAk\'n 



(2) 



(133) 
(134) 

(135) 
(136) 

(137) 



The normalization is still arbitrary; see eq. (141) for a normalization assuming the vacuum expectation value. 

According to the prescription in eq. (126) the above solution for $ applies to the gravitational wave as well; see 
eq. (150) for proper normalization. 



The roles reverse in the collapsing phase. In a collapsing phase the d-mode rapidly grows and unambiguously becomes 
singular as the background approaches a singularity [27]. 
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V. QUANTUM GENERATION: UNIFIED FORM 



A. Quantization 



The perturbed action becomes [28,13] 



c^v'"v,a H V ) dr]d X. 



(138) 



The mode expansion is 



(27r)3/2 



[ak, fik'] = 0, [dl, d^,] = 0, [ttk, dl,] = 5^{\s. - k'). 



(139) 



The conjugate momentum is 7r$ = |j = az'^^. The quantization condition [$(x, t), '7r$(x', f)] = i6^{x — x') gives 
[^(x, t), $(x', t)] = -^^^(x - x') which leads to the Wronskian condition 



$k$k - *k^k = 



(140) 



//the background satisfies eq. (133) we have eqs. (135,136) as exact solutions. In terms of the mode function we 
have [14,24] 



$k(?7) ^ 
*k(??) 



2z 



Cl 



ik)Hi'\cAk\v\) + C2{k)Hi'\cAm) 



/7r|r?| acA 
2z 2kxi 



c,{k)Hl'},{cAk\v\) + C2{k)Hl'\{cAkH) 



(2) 



where 



|c2(fc)|'-|ci(fc)|^ 



which follows from the quantization condition in eq. (140). The two-point function is defined as [25,14] 
G^{x',x")^mx'Mx")U,= _^jo(fc|x'-x"|)$k(r?')^k(V'), 



(141) 
(142) 

(143) 
(144) 



where ()vac is a vacuum expectation value with dkjvac) = for every k; a; = (x, 77). Using eq. (141) as the mode 
function solution, and assuming the simple vacuum state C2 = 1 and ci = 0, we have [14,24] 



,r, (3-^^^)^00(771^)^/3 3 Ar/2-Ax2 

Gi{x',x") = ^^T^-hn^P o + o - 2; 1 + ' , „ 

m-Kr]'ri" z' z" \2 2 4r]'r]" 

which is vafid for z/ < | and Atj^ - Ax^ < 0; At]^ = [t]' - r/")^ and Ax^ = (x' - x")^. 



(145) 



B. Power spectra 



The seed generation process involves three steps. 

1. We evaluate the power-spectrum based on a vacuum expectation value introduced as 



27r2 



X + r,t)$(x, t)U,,e-^'^'^d'r = ^\Mt)\^- 



(146) 



In the large-scale limit using the mode-function solution in eq. (141) we have 
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vn^. ,) ^ IL^Ii^ (Mf'-'^ fur) 

'* ^ 2TTaH\ri\Ti3/2)\ 2 J c^zja ^ ' 

To include the general vacuum dependence we should multiply for the scalar-type perturbation 

|c2(k)-ci(k)|, (148) 

where 

|c2(k)|'-|ci(k)f = 1. (149) 

For = we we have additional 2 In {cAk\ri\) factor. 

For the tensor- type perturbation we have $ = and we need additional \/2 factor [26], with ct replacing ca, thus 



(k, rj) = ^ ^ — j ^-j- . 



(150) 



To include the general vacuum dependence wc should multiply 



^i^|c,2(k)-c«(k)|^ (151) 

where 

|Q2(k)|'-|c«(k)|' = l. (152) 

£ = +,x indicate two polarization states. For u = we we have additional 2 In {cAk\r]\) factor. 

In the case of string axionic correction, which will affect only the gravitational wave, we need to handle the case 
separately. We have 



^cl,('-'^) = ^^^ ,g|,|r(3/2) [—) ^V2? |f + 2A.^i| ^^^W-^^^W • (153) 

2. In the super-horizon scale we identify [29] 



n=-p^, (154) 

where 

V^{k,t) = ^ y($(x + r,t)$(x,i))^e-*''--dV=|^|$(fc,i)p, (155) 

is a power-spectrum based on the spatial averaging. Compare the similarity between eqs. (146,155). 

3. The growing modes of $ are conserved while in the large scale limit. Thus, the final classical power spectra of the 
large-scale structure and the gravitational wave is the same as the generated from the quantum fluctuations 
in the early universe. 

Spectral indices are defined as 

"^-''"^=^h^' ('^^) 

thus 

oc yfc"^. (157) 

Assuming the simplest vacuum state, i.e., C2 = 1 and ci = 0, etc., we have 

ns -I, riT = 3 -2^ = 2 + 2q. (158) 
In the case of near Harrison- Zel'dovich spectra (ng — 1 ~ ~ ht) the quadrupole anisotropy of the CMB becomes 
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{al) = {4)s + {4)t = ^V^,, + 7-74i^7'c„„ (159) 

which is vahd for K = = A; for a general situation with nonvanishing A we need numerical treatment, see [30]. The 
ratio between two types of perturbations is 



Prom eqs. (147,150) we have 



r, ^ gif 3.46^. (160) 

(012 )S f^-PSci, 



V 



2 ; T{v) 4* zt 



(161) 



Therefore, if the background evolution during the quantum generation stage satisfies eq. (133) we can read the power 
spectra (both scalar- and tensor-types) using eqs. (146,141). In the large-scale limit we have the power spectra in eqs. 
(147,150). The spectral indices (slopes) and the ratio of amplitudes are presented in eqs. (158,161). The contribution 
to the quadrupole angular anisotropy can be estimated using eq. (159). We would like to emphasize that all our 
results in §IV and V are generally valid in our generalized gravity theories in unified forms. 
The four-year COBE [31] data with a n = 1 power-law fit give 

Qrms-psu=i = 18 ± l.&nK, T = 2.725 ± 0.020ii', 

.2\ _ / <3rms-PS|„=i V _ i i in-10 



{ai) = ^ 1^ -'— --^=1 ^ 1.1x10-^". (162) 

The observed quadrupole amplitude is Qrms = 10^4/iif which is lower than the above fitted value. The first-year 
WMAP [32] data show even lower value of Qrms = 8 ± 2ij,K and the temperature T = 2.725 ± 0.002X. WMAP data 
also provided a constraint on r = ^Vc^^/V^^^ < 0.90 with 95% confidence and ng = 0.99 ± 0.04, [32]. 



C. Slow-roll 

In the context of f{4>,R) gravity we have introduced the following parameters [17] 

= ''=ir^' ''=2HF' ''=2 HE- 

ei and £2 arc the slow-roll parameters used in the minimally coupled scalar field, [33,34]. The two additional fimctional 
degrees of freedom in F{<p) and are refiected in 63 and £4. In the context of string correction we have an additional 
functional degree of freedom in ^{^). In order to consider its effect we introduce the following additional parameters 

_ F + Qa _ Qt naA\ 

''=H{2F + Q,y ''=2HQt 

with 

In the /((/), R) gravity we have £5 = ee = £3, and E in eq. (165) becomes the one in eq. (60). In the case of tachyonic 
corrections we introduce 

F f 3F2\ 
^^~2X r -^'^ + '^X^f.xx + (166) 

and take £5 = £5 = £3- 

Using the above definitions and eq. (122), assuming K = Q, z and Zt can be written in unified forms 
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Thus, we can derive 



z 



= a 



a(t)/H IE r— 

1 + 65 V -F 



iJ^ (1 - ei + €2 - €3 + £4) (2 + £2 - €3 + €4) + H (-61 + €2 " €3 + £4) 



(167) 



£5 



-2 ( ^ - £1 + £2 - £3 + £4 ) — z.— 

.2 y 1 + £5 1 + £5 (1 + £5)^ 



Zt 



(l + £6) (2 + £l + £6) + -^£6 



(168) 
(169) 



Although we have introduced e^s as extension of slow-roll parameters, it is far from certain that these parameters 
can be properly called the slow-roll parameters. Thus, it is better to regard £iS as new definitions of the fundamental 
parameters V{(j}), w(0), f{(j),R), etc. If £i = 0, we have 



1 



aH l + €i 



Thus, for £, = eqs. (168,169) become 
z" 1 1 



- 2/1 , NO (1 ~ + ^2 - £3 + £4) (2 £2 - £3 + £4) = 
Z 77^ (1 + £1)^ T]'^ 



1 (l + £6)(2 + £i+£6) _ nt 



Zt T 
The spectral indices become'' 



ns -1 = 3- 2z/ = 3- s/Aus + 1 = 2 



2£l - £2 + £3 - £4 



l + £i 



riT 



2vt 



V5 



nt 



, ei - £6 

'i+£r 



(170) 

(171) 
(172) 

(173) 
(174) 



If £1.2,3.4 <C 1 we have Harrison-Zel'dovich spectrum for the scalar-type perturbation, and if £1^6 ^ 1 we have the 
corresponding one for the tensor-type perturbation. In this case eqs. (147,150) become 



— h + £i + (2£i-£2-F£3-£4) [ln{k\r]\)-2 + ln2 + jE] \^rT' 



r'Jl (k, n) = V2^ 1 1 + ei + (£1 - £6) [ In (A;|ry|) - 2 + In 2 + 7b] I 



where 7^ = Q.'bllTl is the Euler's constant. Thus, 



ris - 1 = 2 (2£i - £2 + £3 - £4) , nr = 2 (£1 - £5) . 



r\ = 



C. Z 



Zt 



(175) 
(176) 

(177) 
(178) 



The spectral indices are generally valid in all gravity theories we are considering in this work. In the generalized 
f{4>,R) gravity wc have ri = 4|£i — £3! = 2|n7'|. Thus, ri = 4|£i| = 2|nx| in the minimally coupled scalar field. 
The relation n = 2|nr| in the minimally coupled scalar field is known as a 'consistency relation'. We notice that 
this relation is more generally valid in generalized f{(j),R) gravity. However, in the tachyonic correction we have 



*In order to lift the square root we have assumed 3 > ei — 2e2 -|- 2e3 — 2e4 and 3 > — ei — 2e3. 
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ri = 4|ei — ez\cA = 2|nT|cA, [19]; in a simpler case this result was presented in [35]. In the case of string correction 
terms we can derive 




(2Qe + Q.)-^Qe + g/]}^(^) 



(179) 



In the string axionic correction term we have 



ri=4|ei-e3|-^ 



1 



(180) 



1 + 2A4I 



Therefore, in the slow-roll limit <C 1 we have the tcnsor-typc perturbation suppressed compared with the scalar-typo 
perturbation. In the string corrections and the tachyonic correction we have non-trivial wave propagation speed ca 
(see Table 1; in the string correction case we have non-trivial ct as well, see Table 2) and the resulting scalar to tensor 
ratio ri could depend on the specific realization of the background evolution during the quantum generation stage. 
The result can be read from eq. (178) in the slow-roll limit, or eq. (161) in more general situation satisfying only eq. 



Considering our own publications on the subject, perhaps it would be useful to make clear the new points made in 
this work. Equations in terms of $ and 4" for the generahzcd gravity theories in eqs. (58,59,85,86,101,102), and the 
corresponding second-order equations in terms of * in eqs. (62,90,105) are new. We have extended results in §111 C 
and HIE to the situation with general background curvature. Also, §111 G is more general by considering general 
coupling of the field with gravity. We stress that the analyses in §IV and V are made in unified forms applicable to 
all the generalized gravity theories we have considered. 

Notice that our f{(t), R) gravity includes Ft? gravity as a simple case. Although i?^-term in the action leads to a 
higher-order gravity theory, we have shown that we can derive second-order perturbation equations for the scalar- 
and tensor-type perturbations in the context of f{R) gravity. We have investigated the roles of R"'''Rab correction 
term separately in [36]; in four-dimensional spacetime, due to Gauss-Bonnet theorem, R^ and R'^^Rab terms are 
complete fourth-order contributions by the pure curvature corrections to quadratic order. Contrary to R^ gravity, the 
R""^ Rab-t&vm leads to fourth-order differential equations for both scalar- and tensor-type perturbations, see [36]. 

No rotational mode (vector-type perturbation) is directly excited by the presence of generalized forms of the scalar- 
field and the scalar-curvature; this is true even in the case of R'^^Rab gravity, [36]. This is because the evolution 
of rotational perturbation is simply described by the momentum-conservation equation of the additional fluid part 
energy-momentum tensor, T^^^^.^^ = 0. 

In this work we have considered only a single-component situation. In the multi-component situation our basic 
set of equations in eqs. (12-19) remains valid with the fluid quantities interpreted as the sum over the individual 
fluid quantities including fields. In order to describe the dynamics of the individual fluid or field component we 
additionally need the conservation equations of the individual energy-momentum tensor or the equation of motion. 
Such equations in Einstein's gravity limit and in the generalized f{(j),R) gravity are presented in [37] and [3,15], 
respectively. Extensions to more general situations with 5(c) can be made similarly by considering the multiple fluids 

and fields in T^^^ in eqs. (46,75). 

We emphasize that most of our equations and analyses made in this work are independent of the specific scenarios 

of the universe, thus can be applied to the spatially homogenous and isotropic Fricdmann world models based on our 
gravity theories. In a classic paper on the CMB anisotropies Sachs and Wolfe [38] has menthioned that 

"tie linear perturbations are so surprisingly simple that a perturbation analysis accurate to second order 
may be feasible ..." 

Considering our unified formulation of perturbations in such wide variety of gravity theories, the linear perturbations 
can perhaps be described as "surprisingly simple" indeed. Related to the second part of the statement, an accurate 
result in second order perturbation can be found in our recent work in [39]. 



(133). 
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Table 1. Scalar- type perturbation: We present the coefficients and definitions used in our unified formulations of 

, 2 



the scalar-type perturbation in §IV and V. We introduce X4, = ujq 



F + Qa 



Qe 



F + Qa 



2F+Qh + 2F+Q'6'3e+ j Ql' 

Except for the string corrections in the last column, the other situations are valid considering general K; for c\ we 
present result assuming K = Q. 



Fluid 



Field 



/((/), R) gravity 



Tachyonic 



String corrections 



if 1 K 1 ,„ K 2F .T, ,„ K 2F .t. 



$ = 



* = 



Vx 



, &F^ 



1 ^Fx 



"^X ^ 2F+Qt F 



J? 2 
87rG(/n+p) 



H 



J'- A 



1 a 
8-kG H 



1 g 
SttG H 



gF 



a(F+|Qi,) 

IT I F+qg 



SttG^ 



SttG 



, .■f,2 I o (f + Og)^ I 



H+ 



2-F + Qi, 



4- 



F+i( 



Table 2. Tensor-type perturbation: Continuation of Table 1 for the tensor-type perturbation (gravitational 
wave). In the cases of the string corrections and the string axion we assume K = Q; for c|. we present result assuming 
K = Q. 



Fluid, Field 



f{(j),R) gravity, Tachyonic String corrections 



String axion 



Zt = 



is/F 



i^F + iQb 



1 + 



2F+Qb 
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